The standard PRT can be obtained by interpolation in the modified transform domain. The method is also able to resolve the multiple energy from the primaries when they interfere in a small time interval and resists well to AVO effects in the data. The proposed modified PRT was successfully applied to a deep-water seismic line at the Gulf of Mexico to attenuate water-bottom multiples and subsequent peg-legs originating from multiple paths in the water column.
The modified parabolic Radon transform
The inverse parabolic Radon transform is defined as a decomposition of seismic data in the curvature-intercept time domain using a set of curvature values , 1,
For discrete seismic data   and time , this is defined by a sum along parabolic paths in the t q   domain (Hampson, 1986)     
Equation (2) is a complex linear system for a given frequency f . In matrix notation, this can be written as
where   1, , ; 1, ,
The above formulation of the PRT requires solving the inverse problem in ( 
This can be written in a more compact form as
where
Equations (5) 
The minimum-norm solution
In a high-resolution modified PRT, we choose the number
. Then the problem is underdetermined and we choose the minimum-norm solution which can be written as
We use the SVD decomposition for the operator
where with 1 2 , , ,
to obtain a stable estimate
where is the pseudo-inverse of with components
The transformations
We see that the last components of are zero, corresponding to the minimum-norm properties of the solution .
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Multiple attenuation
We may attenuate multiple reflections in the f   domain by partly correcting the seismic data for normal moveout effects such that the primary reflections appear with less moveout than multiple reflections. The main assumption on seismic data input to the transform is that residual moveouts of both primary and multiple reflections have parabolic behavior as a function of offset (Hampson, 1986) . The data are transformed to the f   domain using an inverse operator
defined in equation (10). An estimate of the primary reflections are obtained by filtering the data
where the filter is
where is a curvature parameter that separates primaries and multiples. The primary reflections are then obtained by transforming back to the
It behaves as a filter applied to seismic data in the frequency-offset domain to remove multiples directly from the data. The multiples can be also estimated using the following relationship 
where is the normalized offset, are real coefficients. The modified PRT is implemented using a fine sampling leading to an under-determined problem to obtain a dense Radon space (250- which gives a   parameter varying in the interval . We used symmetric moveout range for scan to allow the mapping of all the events in the gather. Figure 1 for the 12 primary events using both the modified PRT and the IRLS methods.
We used the minimum-norm solution which converts the problem into a hermitian inverse problem of dimension The amplitude effects on the 12 primary events (in Figure  1b) are plotted in Figure 2 (curve in black). These show significant amplitude changes with normalized offset and several zero-crossings can be observed. The coefficients ( ) are given on each plot for the respective event. The event interference between primaries and multiples and between primaries alone leads to amplitude distortion on individual events in the gather. Thus, the amplitudes of the events being interfered add to each other within the crossing area, hence altering the AVO curve and making the amplitude inversion inaccurate. The grey curves in Figure 2 show the practical amplitude functions for each event of the primaries that accounts for the interference with the other primaries. Outside the interference zone, the theoretical and practical amplitude curves are equal.
The recovered amplitude functions of the primaries after demultiple are also drawn in Figure 2 (curves in blue). Schonewille and Zwartjes (2001) proposed a sparsenessconstrained frequency-domain algorithm resisting well to AVO effects, where the weighting matrix is obtained by averaging the model within the signal bandwidth at the previous iteration to constrain the solution at the current iteration. Their method can be implemented using the iteratively reweighted least-squares (IRLS) algorithm combined with a complex version of the LSQR solver. Both algorithms give comparable results, but the modified PRT algorithm has the advantage to be extremely fast. The amplitude curves recovered from applying the IRLS method are shown by the red curve in Figure 2 for the 12 events after a single iteration. From the curves, we observe that both methods provide a good reconstruction of the practical amplitude functions along the primaries at most offsets despite the strong interference in the treated example. The recovered amplitudes are very accurate at most offsets. At medium offsets, the suggested approach allows for more accurate conservation of the AVO curve than does the IRLS method. At near offsets, the IRLS method has generally smaller amplitude errors but the error is larger than the modified PRT for some primaries (events 6 and 7 for instance). The same observation can be made at very far offsets where the IRLS method performs slightly better. The proposed method proves higher accuracy in amplitude recovery than the IRLS approach at most offsets. This observation is further confirmed on Figure 3 which depicts the average absolute amplitude error for the 12 events in Figure 1b . The superiority in performance of our approach (blue curve) is again demonstrated except at the extreme offsets in the data. The grey and black curves in Figure 2 show the absolute errors of the AVO function using 2 and 5 iterations in the IRLS approach, respectively. With further iterations in the IRLS method, increased accuracy is achieved at most offsets. However, a loss of accuracy can also be observed at intermediate offset ranges when comparing results after 2 and 5 iterations. There is a significant reduction of the errors associated with most offsets than the first iteration (red curve) but these errors still larger than the modified PRT errors at most offsets which has the added advantage to be very fast.
The modified PRT method was also tested on a marine seismic line from the Golf of Mexico characterized by a deep sea-bottom with important amplitude variations with offset and water-bottom multiples. Figure 4c shows a gather from the survey and illustrates the strong interference in the area and the large number of events recorded. Nonhyperbolic velocity analysis was performed on the data to generate post-NMO data to be input for the modified PRT algorithm. A velocity spectrum computed using the semblance coefficient is given in Figure 4d . The decrease of stacking velocities after 4s is an obvious indicator to the presence of water-bottom multiple reflections and peg-legs originating from the thin layers just below the sea-bed. Figure 4b shows the gather after applying nonhyperbolic NMO corrections with parameters derived from velocity analysis. The primary energy corrected with the exact moveout parameters (NMO velocity and effective anellipticity) is well flattened in the full offset range, whereas multiple energy has positive residual moveouts that can be well approximated using parabolic curves as observed in the lower part of the gather after 4s.
To accelerate computations, the modified PRT was applied in the time range   Figure 4g ) and multiple (Figure 4k ) modes. These gathers show that multiples are concentrated in the lower part of the gather due to multiple paths in the watercolumn and peg-legs in subsequent thin layers below the sea-bed. The velocity spectra for the filtered primaries and multiples are respectively depicted in Figures4h and 4l. After demultiple, significant primary energy is recovered after 4 s and can be clearly recognized in the primary gather (Figure 4g ) and also in the velocity spectrum (Figure 4h ). Figure 5a shows the stack obtained from nonhyperbolic velocity analysis without any demultiple. The stack illustrates the main features of the area mainly a salt body. The lower part of the stack is dominated by multiple reflections after 3.5s. The modified PRT is applied to this seismic line in the aim to attenuate water-bottom multiples and subsequent peg-leg reflections. The obtained stack is depicted in Figure 5b and demonstrates how the algorithm allowed for efficient demultiple. The multiple energy in the section of Figure 5a was mostly removed particularly the reflected waves with multiple paths in the water layer located in time between 3.5 s and 4.0 s. The multiple energy located in later times is due to the peg-leg multiples and was successfully attenuated.
Conclusions
A fast implementation of a modified parabolic Radon transform is proposed in this paper. The transform is linked to the standard PRT by means of interpolation. The new method shows high performance in conserving accurate AVO effects after the demultiple process which has several practical benefits. The method allows also for time savings especially in large data sets such those encountered in deep marine explorations or in 3D acquisitions. The modified PRT method satisfies exactly the sampling conditions and offers a wider q  range at all frequencies than does the standard PRT.
